Recently, the first Abel map for a stable curve of genus g ≥ 2 has been constructed. Fix an integer d ≥ 1 and let C be a stable curve of compact type of genus g ≥ 2. We construct two d-th Abel maps for C, having different targets, and we compare the fibers of the two maps. As an application, we get a characterization of hyperelliptic stable curves of compact type with two components via the 2-nd Abel map.
Introduction

Abel maps of singular curves
The subject of this paper is the completion of Abel maps for singular curves. If C is a smooth projective curve, the d-th Abel map is the geometrically meaningful morphism:
where C d is the product of d copies of C and Pic d C is the degree-d Picard variety of C. It makes sense, the problem of defining an analogous map when C is singular, preserving a geometrical meaning. This problem has been considered by several authors in the last three decades. It has been completely solved for integral curves in [1] and in degree one in [5] and [6] , but a general analysis is still missing. The purpose of this paper is to consider the special case of Abel maps for curves of compact type, i.e. nodal curves with only separating nodes. This assumption allows us to avoid several combinatorial problems that naturally arise when one considers the general case.
The Abel map of a smooth curve has the remarkable property that its fibers are projectivized complete linear series (up to the action of the d-th symmetric group). It turns out that an important motivation for studying Abel maps is the attempt of giving a new definition of limit linear series on a nodal curve. In the case of curves of compact type, it would be interesting to establish the relationship with the definition of limit linear series introduced in [8] or [9] .
The main result
Fix a nodal curve C over an algebraically closed field. Let γ be the number of irreducible components of C. Let f : C → B be a smoothing of C, i.e. a family of curves such that C is smooth and B is smooth, one-dimensional, with a distinguished point 0 ∈ B such that f 
which is the relative d-th Abel map away from the fiber over the distinguished point 0 ∈ B. If C is of compact type, we will construct a morphism: are the degrees of L on the irreducible components of C, we say that d L is a X-quasistable multidegree.
We sum up our main result in Theorem 1.1, relating extensions of Abel maps for smoothing of curves of compact type and X-quasistable multidegrees. Theorem 1.1. Fix integers g ≥ 2 and d ≥ 1. Let f : C → B be a smoothing of a stable curve C of compact type of genus g. Then there exist a distinguished component X pr of C, a X pr -quasistable multidegree e d and a morphism:
as in (1) such that the following properties hold:
not depend on the choice of f , and factors through the immersion
C which does not depend on the choice of f . We point out that the determination of the component X pr and the X prquasistable multidegree e d is effective, as it is rather clear from the proof of Lemma 2.2, and from the iterative procedure yielding Definition 3.2.
The property (i) of Theorem 1.1 allows us to consider another d-th Abel map for C whose target is the compactification of the universal Picard variety constructed in [3] . In Proposition 3.8, we will see that the set-theoretic fibers of the two Abel maps are equal. Recall that the same phenomenon takes place for the first Abel maps of a stable curve (see [5] and [6] ). However, in Remark 3.9, we will produce an example, hinting that it should not hold for higher Abel maps of curves not of compact type.
As an application of Theorem 1.1 (ii), we give the following characterization of hyperelliptic curves of compact type with two components. We plan to investigate whether a similar characterization could be given for hyperelliptic curves with many components or for trigonal curves.
Notation and Terminology
A curve is a connected, projective and reduced scheme of dimension 1 over an algebraically closed field k. If C is a curve, then g C := 1 − χ(O C ) is the genus of C and ω C is its dualizing sheaf. We will always consider curves with nodal singularities.
A subcurve of C is a union of irreducible components of C. If Y is a proper subcurve of C, we let Y ′ := C − Y and call it the complementary subcurve of
In this case, the intersection Y ∩ Y ′ consists of a single node n and we say that n is a separating node of C. We remark that a separating node defines two tails Y and Y ′ on C such that Y ∩ Y ′ = {n}. A stable curve C is a nodal curve such that every smooth rational subcurve of C meets the rest of the curve in at least 3 points. A curve C is said to be of compact type if its only singularities are separating nodes. A curve W is obtained by blowing up a curve C at a subset Σ of its nodes, if there is a morphism π : W → C such that, for every p ∈ Σ, we have π −1 (p) ≃ P 1 and π : W − ∪ p∈Σ π −1 (p) → C − Σ is an isomorphism. A family of curves is a proper and flat morphism f : C → B whose fibers are curves. If b ∈ B, we denote C b := f −1 (b). A smoothing of a curve C is a family f : C → B, where C is smooth and B is a smooth curve with a distinguished point 0 ∈ B such that C b is smooth for b = 0 and C 0 = C.
If f : C → B is a family of curves C, we denote by C d the product of d copies of C over B and by S d (C) the d-th symmetric product of C over B, i.e. the quotient of C d by the action of the d-th symmetric group.
2 Technical background
Jacobians of singular curves
If not otherwise specified, in this section C will be a nodal curve with irreducible components X 1 , . . . , X γ . Let J 
where
Fix an integer d. A polarization on C is a vector bundle E on C of rank r > 0 and relative degree r(g C − 1 − d). We will denote by E d the (canonical) polarization on C:
Let L be a line bundle on C with multidegree d. We say that L, or d, is (canonically) semistable if for every non-empty, proper subcurve Y C we have:
Moreover, if X is any component of C, we say that L, or d, is (canonically) X-quasistable if it is semistable and:
whenever Y ⊇ X. It is not difficult to prove that a degree-d line bundle L on C is semistable with respect to E d if and only if for every non-empty, proper subcurve Y C:
Moreover, L is X-quasistable with respect to E d if and only if (5) is satisfied and: 
′ -scheme and there exists a universal line bundle over
The first Abel map
In [5] and [6] , the authors constructed the first Abel map for a smoothing of a stable curve. More precisely, fix a smoothing f : C → B of a stable curve C.
For our purposes, we may assume that C is of compact type. Let J 1 f be the degree-1 relative generalized Jacobian of f . Then there exists a morphism:
extending the relative first Abel map of the family of smooth curves f | f −1 (B−0) . We will recall the definition of α 1 f | C in (9). For every g ≥ 2, let M g be the moduli space of Deligne-Mumford stable curves of genus g. If C is a stable curve, [C] will denote the point of M g parametrizing C. If g is even, let ∆ g/2 be the divisor of M g which is the closure of the locus parametrizing curves
Let C be a stable curve of compact type of genus g. Let M C (respectively N C ) be the number of central (respectively semicentral) components of C. Then the following properties hold:
(ii)
(iii) if M C = 0, then N C = 2 and the intersection of the two semicentral components is non-empty.
Proof. First of all, notice that [C] ∈ ∆ g/2 if and only if there exists a node which is the intersection of two tails of C of genus g/2.
First step. We claim that M C ≤ 1. Indeed, suppose that X 1 and X 2 are central components. Let Z 1 and Z 2 be the connected components of X ′ 1 and X ′ 2 containing respectively X 2 and X 1 . Then g Zi < g/2 for i = 1, 2, because X 1 and X 2 are central. Set
Since the genus of a curve of compact type is the sum of the genus of its irreducible components, we have g ≤ g Z1 + g Z2 < g yielding a contradiction.
Second step. For any irreducible component X of C, we define an irreducible component Y (X) of C and a connected component Z(X) of X ′ as follows. If X is central, set Y (X) := X and we let Z(X) be any connected component of X ′ . If X is not central, we claim that there exists exactly one connected component
′ has at least 3 connected components of genus at least 1, because C is stable, hence there exists a unique connected component
Denote by Y (X) the irreducible component of Z(X) intersecting X. Notice that Y (X) = X if and only if X is central.
Third step. We claim that if X and Y (X) are not central, and
Indeed, assume that X is not central. Now,
Fourth step. We show (i) and (ii). First of all, we prove that if
If X r is central, for some positive integer r, then we are done. Otherwise, X r = X r+1 for every r ≥ 1 and by (8), we get an infinite chain of subcurves:
yielding a contradiction. Then M C ≥ 1 and hence M C = 1 by the first step.
Conversely, we prove that if
Let X be the central component. Then every node of C is the intersection of two tails W 1 and W 2 such that W 1 ⊆ X ′ and X ⊆ W 2 . Thus g W1 < g/2, and [C] / ∈ ∆ g/2 . Of course, the first step and (i) imply (ii).
Fifth step. We show (iii). Let
First of all, we show that N C ≥ 2. Since [C] ∈ ∆ g/2 , there exist tails Z 1 and Z 2 of genus g/2 intersecting in a node. Assume that X 1 and X 2 are the irreducible components such that X 1 ⊆ Z 1 , X 2 ⊂ Z 2 , X 1 ∩ X 2 = ∅. Then X 1 and X 2 are semicentral components intersecting in a node.
We show that N C ≤ 2. Indeed, suppose that X 1 , X 2 , X 3 are semicentral components. Notice that X 1 , X 2 , X 3 are not central, because M C = 0. Then there exist at least 4 distinct tails Z 1 , . . . , Z 4 of genus g/2. Since C is of compact type, up to change the index of the tails, we may assume that Z 1 ⊆ Z 3 and
, let X pr be one of the two semicentral components of C. We will keep this choice throughout the paper. We call X pr the principal component of C. A tail Z of C is small if at least one of the following conditions is satisfied:
Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g. We recall now some properties of the first Abel map (7). We define for each q ∈ C a line bundle N q on C as follows. If q is a smooth point of C, then N q := O C (q). If q is a node of C, let Z be the small tail attached to q. Using the isomorphism (3), there exists a unique line bundle N q on C such that N q | Z = O Z (q) and
The morphism α 1 f | C does not depend on the choice of f , and factors through the immersion J
Let C be a stable curve of compact type of genus g. Let X pr be the principal component of C. Let e 1 be the multidegree such that (e 1 ) X pr = 1 and (e 1 ) X = 0 for every irreducible component X ⊆ C such that X = X pr . Then the following properties hold:
pr -quasistable multidegree of total degree 1, then d = e 1 . We show this claim in 3 steps. 
Since g Y ≤ g/2, we get:
. . , Z n be the connected components of (X pr ) ′ . Then g Zi ≤ g/2 for every i = 1, . . . , n and by the first step we have d Zi = 0 for every i = 1 . . . , n. Now, Z ′ 1 is a tail of C containing X pr . Hence, again by the first step,
we get:
Third step. We show that if d is a X pr -quasistable multidegree of total degree 1, then d = e 1 . By the second step, we are done if we show that d X = 0 for every irreducible component X of C such that X = X pr . Indeed, let X be any such component. Set C 0 := C. For every j ≥ 1, define inductively
pr and X 1 ∪ X 2 ∪ · · · ∪ X n is a union of tails of C not containing X pr . By the first step, d X∪X1∪···∪Xn = d X1∪X2···∪Xn = 0, and hence:
In this way, we have shown the initial claim. In this section we will construct the Abel map for a smoothing of a stable curve of compact type. 
Notice that if d = (0, 0, . . . , 0), then the notion of d-big tail coincides with the notion of big tail in [5] . For each irreducible component X of C and for each multidegree d, define:
Let f : C → B be a smoothing of a stable curve C of compact type. For each d ≥ 1, let B d → B be anétale morphism such that, if we consider the pull-back family:
are schemes and there exists a universal line bundle
is the composition of the second projection and the base change morphism, and X pr is the principal component of C. Let:
be the projections and consider the composition:
where the first morphism is induced by p *
Let q 1 : U × V U → U and q 2 : U × V U → U be the two projections. Notice that T d is the pull-back of a line bundle on C. Then θ
• q 2 . Since U iś etale over V , by the flat descent there exists a morphism:
f as the composition:
where e 1 is the multidegree defined in Proposition 2.4. Due to the decomposition (2), there exists a unique multidegree e 2 of total degree 2 such that α 2 f | C 2 factors through the immersion J 
Arguing as before, α 3 f | C 3 factors through the immersion J e 3 C ֒→ J 3 C for a unique multidegree e 3 of total degree 3. Iterating, for every d ≥ 2, we get a map: 
is X-quasistable.
Proof. Let d ′ be the multidegree of M ⊗ M ′ and d ′′ the multidegree of: First step. Let Z be a tail of C not containing X. We claim that Z is d-big if and only if:
Indeed, using d
, we see that (11) is equivalent to:
Second step. We claim that d
′′ is semistable at any connected subcurve
we have:
Thus, using (11), if Z ∈ T d (X), we have:
while if Z / ∈ T d (X), we have:
Hence by (12) and
and (13) and (14) we have:
Using that d 
C be the restriction of the d-th Abel map of f to the special fiber. Then the following properties hold: 
not depend on the choice of f either. Take a point p in the image of α
, and by (10):
By induction, e d is X pr -quasistable. Hence, by Lemma 3.3, L p is a X prquasistable line bundle and e d+1 is a X pr -quasistable multidegree.
To complete the proof, we show that α d f | C d is invariant under the action of the d-th symmetric group on C d . Indeed, for every d ≥ 1, pick the following line bundle of J 1 C × C:
For every i ≥ 1, consider the projection:
onto the product of the i-th factor and C. Then α d f | C d factors as: Example 3.6. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g with two components C 1 and C 2 such that g C1 ≥ g C2 . Let X pr be the principal component of C and n be the node of C. Set n 1 := C 1 ∩ C 2 ⊆ C 1 and n 2 := C 1 ∩ C 2 ⊆ C 2 . We may assume without loss of generality that X pr = C 1 . Then e 1 = (1, 0) and:
It is easy to see that:
and hence:
Thus e 2 = (1, 1) if 4g C2 > g + 1 and e 2 = (2, 0) if 4g C2 ≤ g + 1.
In Proposition 3.7, we will give a characterization of hyperelliptic curves of compact type with two components, via the symmetric 2-nd Abel map. Recall that a stable curve C of genus g ≥ 2 is hyperelliptic if the closure of the locus in M g of hyperelliptic smooth curves of genus g contains [C]. Proof. Let C 1 and C 2 be the components of C. Let n be the node of C, and set n 1 := C 1 ∩ C 2 ∈ C 1 and n 2 := C 2 ∩ C 2 ∈ C 2 . We may assume without loss of generality that C 1 is the principal component of C. It is well-known that C is hyperelliptic if and only if C i is hyperelliptic and |2n i | is the g 1 2 of C i , for i = 1, 2. By construction, for every p i ∈ C i , and i, j ∈ {1, 2}:
Assume that e 2 = (1, 1). The case e 2 = (2, 0) is completely analogous. By the definition of the symmetric 2-nd Abel map we have for every i, j, k ∈ {1, 2} and
and only if at least one of the following cases holds:
(c) p, q ∈ C 1 and p ′ , q ′ ∈ C 2 with |p + q| = |2n 1 | and |p
Notice that the dimension of F p,q is at most 1. If the dimension of F p,q is 1, then (a) and (b) imply that F p,q has at most two components E 1 and E 2 , given by:
Assume that C is not hyperelliptic, and that F p,q is a curve with two components, as in (15). Notice that (c) does not hold, because C is not hyperelliptic. Then E 1 ⊆ S 2 (C 1 ) − (n, n) and E 2 ⊆ S 2 (C 2 ) − (n, n), and hence E 1 ∩ E 2 = ∅. Conversely, if C is hyperelliptic, then (a), (b) and (c) hold. In particular, F n,n = E 1 ∪ E 2 , where E 1 , E 2 are as in (15) and E 1 ∩ E 2 = (n, n).
Abel maps with other targets
Let f : C → B be a family of stable curves. Fix an integer d ≥ 1. We denote by J 
f is constructed in [3] . It is the same compactification of P d f produced in [12] and [11] . The fiber P d C b over b ∈ B parametrizes the equivalence classes (under a suitable equivalence relation) of pairs (X, L), where X is a nodal curve obtained by blowing up C b and L is a degree-d line bundle on X, whose multidegree satisfies the numerical condition (5). In particular, we get a set-theoretic map:
which is indeed a morphism. A fiber of ψ d parametrizes the set of line bundles contained in a Jordan-Hölder equivalence class of rank-1 torsion free semistable sheaves. We will refer to [7, Section 8] for more details.
If C is of compact type and α Proof. We will show that ψ d is injective over J 
Since M and L have the same multidegree, it follows that a Yi = 0 for each i = 1, . . . , γ. In particular L| X ≃ M | X for each component X of C. Since C is of compact type, from (3) we have that L ≃ M and we are done.
Remark 3.9. It follows from [5] and [6] that one can answer positively to the analogous of question (Q1) for the first Abel map of a stable curve. Nevertheless, we believe that this phenomenon does not take place for higher Abel maps of stable curves not of compact type, as the following example hints. Fix a integer g ≥ 2. Let C be a stable curve of genus g with components Suppose now that C is a binary curve of genus g ≥ 2, i.e. a stable curve with two smooth rational components intersecting at g + 1 nodes. Let X 1 and X 2 be the components of C and let q 1 , . . . , q g+1 be the nodes of C. Consider the following subset of J g+1 C :
As a set, F = (k * ) g . It is easy to check that if L ∈ F, then L is a semistable line bundle. For each L ∈ F, we have h 0 (C, L) = 2 + h 0 (C, ω C ⊗ L −1 ), by Riemann-Roch, and:
Hence h 0 (C, L) = 2. Since L| X2 ≃ O X2 , we have that if s(q i ) = 0 for some s ∈ H 0 (C, L) and i = 1, . . . , g + 1, then s| X2 = 0. Hence, for every i = 1, . . . , g + 1:
Hence we have
, where s L is a section such that s L (q i ) = 0, for each i = 1, . . . , g + 1. Consider the set: 
Consider now the morphism ψ g+1 : J g+1,ss C → P g+1 C . We claim that ψ g+1 contracts F to a point. Indeed, recall the definition (4) of canonical polarization E g+1 . Then:
(a) if we denote d L := (g + 1, 0), the multidegree of L, for each L ∈ F, then:
and in particular L is not X 2 -quasistable;
Following [7, Section 1.3] , the properties (a) and (b) imply that L and L ′ are Jordan-Hölder equivalent, for each L, L ′ ∈ F. In particular, by [7, Section 8] , the morphism ψ g+1 contracts F to a point. Hence, recalling the bijection (16), we get a sequence of morphisms: and hence e 2,d+1 is not semistable at Y 1 , which is a contradiction.
To show the last statement, we show that ψ d (α
